Tame homotopy theory  by Dwyer, W.G.
Topology. Vol. 18, ,I,,. 321-338 
0 Pergamon Press Ltd.. 1979. Printed in Great Britain 
004O-9383/79/1201-03?1/$02.00/0 
TAME HOMOTOPY THEORY 
W. G. DWYER 
(Received 15 September 1977) 
Il. INTRODUCTION AND OUTLINE OF RESULTS 
A ONE-CONNECTED space is said to be rational if its homotopy groups are rational 
vector spaces. Quillen has shown that up to homotopy there is a one-one cor- 
respondence between rational spaces and differential graded Lie algebras over 0. Call 
a two-connected space tame if the divisibility of its homotopy groups increases with 
dimension just quickly enough to prevent stable k-invariants from appearing. We will 
show that up to homotopy there is a one-one correspondence between tame spaces 
and differential graded Lie algebras over Z. 
In more detail, let r be a fixed positive integer (the connectivity plus one) and 
assume r ZT 3 (see 1.5). For each k r0 let Tk be the smallest subring of gP containing 
I/p for each prime p such that 2p - 3 5 k; in other words, Tk contains l/p only if the 
existence of mod p reduced power operations can affect (r - I)-connected homotopy 
theory in dimension r + k. An (r - I)-connected space X is said to be tame if, for each 
k 2 0, T,+~X is a module over Tk. There is an analogous notion of tameness for 
(r - I)-reduced (1.7) differential graded Lie algebras (see 07, where tame = @runt). 
THEOREM 1.1. The homotopy category of tame (r - l)-connected spaces (r 2 3) is 
equivalent to an algebraic homotopy category of tame (r - 1)-reduced differential 
graded Lie algebras over Z. 
1.2 Applications. 
It follows from $3 that for any (r - I)-connected space X there is a tame space XT 
together with a map X -+XT inducing isomorphisms 
nr+kxT = nr+kx @ Tk (k 2 0). 
If X has only a finite member of non-zero homotopy groups, this map X +XT is an 
equivalence away from an explicit finite collection of primes, so 1.1 implies that, away 
from these primes, the homotopy type of X can be specified by giving a differential 
graded Lie algebra. how if Y is an arbitrary (r - I)-connected finite dimensional 
complex, the homotopy type of Y is determined by the homotopy type of any 
Postnikov stage P,Y for n 2 dim Y + 1, and these spaces P,,Y have only a finite 
number of non-zero homotopy groups. In this way it follows from 1.1 that the 
homotopy type of any 2-connected fir&e-dimensional complex Y can be specified, 
away from an explicit finite collection of primes that depends only on the difference 
between the dimension of Y and its connectivity, by a differential graded Lie algebra. 
In a later note we intend to show how the theory given here can be used to 
calculate the tame homotopy groups of X (that is, the groups (rr+k) @ Tk) if X is an 
(r - I)-connected suspension. It turns out that these groups depend only on the 
homology groups of X. 
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1.3 Method of proof 
The main technique is to construct a model category structure ($2) in the sense of 
Quillen[8] on the category of r-reduced simplicial sets ( = (r - I)-connected spaces) 
and on the category of (r - I)-reduced differential graded (DG) Lie algebras over Z. 
Each of these model categories has an associated homotopy theory, which is a 
“homotopy category” together with families of fibration and cofibration sequences. 
The model category structures are chosen in such a way that these abstract homotopy 
categories are exactly the homotopy categories in the statement of Theorem 1.1, so in 
order to prove the theorem it is more than enough to show that the homotopy theories 
of these two model categories are equivalent. Unfortunately, it doesn’t seem possible 
to do this directly. Instead we define the notion of Lazard algebra (§5)-this is 
essentially a Lie algebra with just enough extra structure so that the Campbell- 
Hausdorff formula makes sense[6]-and then use the category of simplicial Lazard 
algebras as a steppingstone from simplicial sets to DG Lie algebras. A remarkable 
consequence of this approach is that the tame divisibility restrictions arise naturally 
from classical properties of the denominators in the Campbell-Hausdorff formula. 
In foimal terms, Theorem 1.1 is proved by applying a general theorem about 
equivalence of homotopy theories (Theorem 2.2) to the following diagram of cate- 
gories and functors: 
Log. G 
(*> S(r, T*k-T--+ w. Exp LZ(r - 1, T*)’ DGL(r - 1, T*). 
N.Q 
The outer categories are the categories of r-reduced simplicial sets and (r - I)-reduced 
DG Lie algebras; in the middle is the category of (r - I)-reduced simplicial Lazard 
algebras. The functor G is the loop group functor of Kan ([7], p. 118) and w is the 
adjoint classifying space functor. The functors Log and Exp are explained in §S. @ is 
the forgetful functor from the category of simplicial Lazard algebras to the category 
of simplicial Lie algebras, and N is the normalization functor from the latter category 
to the category of DG Lie algebras ([lo], p. 220); U and N* are the respective adjoints of 
@ and N ($5 and p. 221 of [IO]). Note that the functors in this diagram come in adjoint 
pairs and that the left adjoints are written on top. 
The paper is organized as follows. Section 2 sketches Quillen’s framework for 
abstract homotopy theory. Sections 3,6, and 7 fit the categories of simplicial sets, 
simplicial Lazard algebras, and DG Lie algebras, respectively, into that framework. 
Sections 4 and 5 contain background material about simplicial modules and about 
Lazard algebras. Section 8 contains the final arguments needed to apply the 
equivalence theorem 2.2. 
1.4 A slight generalization 
Define a ring system R* to be a sequence of subrings &(k 2 0) of gP such that 
Ri 2 Ri if i > j. The ring system is tame if Rk 2 Tk(k 2 0). The results in 93 and 44 are 
stated and proved with T, replaced in the obvious way by an arbitrary ring system. 
Section 6 just considers ring systems R* such that only a finite number of primes are 
inverted in each Rk, while 67 and 98 deal solely with tame ring systems. 
Consequently, our treatment of diagram (*) goes through not just for T* but for 
any tame ring system R* which has the property that only a finite number of primes 
are inverted in each Rk. This last finiteness assumption is not really necessary: it 
arises from the need to know (in the proof of 6.2) that the tensor product of a Lazard 
algebra with any Rk is again a Lazard algebra, and this can be obtained for any 
particular R* by tailoring extra divisibility into the definition of Lazard algebra. In this 
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way everything could be made to work for an arbitrary tame ring system. Choice of 
the constant ring system Rk = Q, for instance, would give a version of rational 
homotopy theory. 
1.5 Connectivity restrictions 
Restricting attention to simply-connected spaces (i.e. to r > 1) is apparently 
unavoidable. The more unusual restriction r > 2 is used twice, in the proofs of 8.3 and 
7.2. The need for this stems from a peculiarity in the Dold-Puppe formula for the 
connectivity of symmetric products ([5]12.2) and from the fact that if r = 2 a p-fold 
iterated Whitehead product of r-dimensional homotopy group elements lies in a 
dimension less than r + 2p - 3. It seems clear that these problems could be avoided by 
restricting attention to ring systems with more divisibility than tame ring systems, for 
instance, to systems R* such that l/p E R,-*(p 2 2). 
1.6 Relationship to Quillen’s work [ lo] 
This paper is explicitly patterned on Quillen’s approach to rational homotopy 
theory-in a sense we have just replaced his category of simplicial complete Hopf 
algebras by the category of simplicial Lazard algebras and paid close attention to 
denominators. The technical result that makes this possible is a variant of the Curtis 
connectivity theorem (8.3). For brevity we have avoided re-establishing the con- 
nection between (r - I)-connected spaces and r-reduced simplicial sets ([IO], p. 259); 
we have also skipped over the category of (r - l)-connected spaces and r-reduced 
simplicial groups (which lies between S(r, T,) and LZ(r - 1, T,)) and the category of 
(r - I)-reduced simplicial Lie algebras (with lies between LZ(r - 1, T,) and DGL(r - 
1, T,)). 
1.7 Notation and terminology 
A simplicial or DG object over a pointed category (that is, a category with an 
object *that is both initial and final) is said to be r-reduced if it is isomorphic to * in 
dimensions less than r; this means that an r-reduced object begins in dimension r. All Lie 
algebras are Lie algebras over the ring of integers-these are sometimes called Lie rings. 
A graded Lie algebra (unless it arises from a filtration of an ordinary Lie algebra) is a 
graded abelian group(M) together with bilinear bracket maps [-, -I: Mi X Mj + A4;+i that 
satisfy the graded antisymmetry and Jacobi identities: 
[x,Y1-(-l)py[Y,xl=o. 
(- l)p’lx,rY, zll+ (- l)qprY,[z, XII + ( - 1)%[x, Yll = 0 
(x E Mp, Y E Mq, z E Mr). 
A DC Lie algebra is a graded Lie algebra equipped with a graded derivation of degree 
-1 and square 0. 
If R is a subring of 0, an abelian group A is said to be R-divisible, R-torsion or 
R-torsion free if the natural map A-+R @A is, respectively, surjective, zero, or 
injective. If A is both R-divisible and R-torsion free it is said to be an R-module; this is 
unambiguous, because an abelian group admits at most one R-module structure. 
82. CLOSED MODEL CATEGORIES 
Recall Quillen’s axiomatization of homotopy theory ([lo] p. 233)[8]. 
Definition. A closed model category is a category C together with three dis- 
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tinguished classes of maps, called cofibrations, fibrations, and weak equivalences, 
satisfying the following five axioms: 
CMI. C is closed under finite limits and colimits. 
CM2. If f and g are maps such that gf is defined, then if two of f, g and gf are 
weak equivalences, so is the third. 
CM3. If f is a retract of g ([IO], p. 233) and g is a fibration, cofibration, or weak 
equivalence, then so is f. A map which is both a fibration (resp. cofibration) and weak 
equivalence is called a trivial Jibration (resp. trivial cofibmtion). 
CM4. Given a solid arrow diagram 
(*I 
the dotted arrow exists in either of the following two situations: (i) i is a cofibration 
and p is a trivial fibration. (ii) i is a trivial cofibration and p is a fibration. 
CM5. Any map f can be factored in two ways: (i) f = pi, where i is a cofibration 
and p is a trivial fibration. (ii) f = pi, where i is a trivial cofibration and p is a 
fibration. 
A map i: A+B in a category is said to have the left lifting property (LLP) with 
respect to another map p: X-t Y and p is said to have the right lifting property (RLP) 
with respect to i if the dotted arrow exists in any diagram of the form (*). 
Suppose that C is a closed model category. 
PROPOSITION 2:i. ([lo], p. 234). The cofibrations are exactly the maps having the LLP 
with respect o all trivial jibrations. The fibrations are exactly the maps having the RLP 
with respect to all trivial cofibrations. 
In practice, given the notion of weak equivalence, this proposition is used as a 
guide to defining fibrations in terms of cofibrations, or vice versa. 
An object X of C is called cofibrunt if the map 4+X (4 = initial object of C) is a 
cofibration and fibrunt if X+e (e = final object) is a fibration. Any closed model 
category C has an associated homotopy category HOC, which is obtained from C by 
formally inverting the class of weak equivalences; it turns out that HOC is equivalent 
to a more visible category whose objects are the objects of C which are both fibrant 
and cofibrant and whose morphisms are suitably defined homotopy classes of maps 
([lo], p. 234). If C is pointed, there are loop and suspension functors as well as 
families of fibration and cofibration sequences in the category HOC; the homotopy 
theory of C is then said to be the category HOC together with this extra structure. 
The following theorem gives a way of producing equivalences between homotopy 
theories. 
THEOREM 2.2. ([IO], p. 235) Let C, and Cz be closed model categories and let 
be a pair of adjoint functors (the upper arrow is the left adjoint) such that (i) F 
cam-es co#ibrations in C, into cofibrations in C, and G cam’es jibrations in C2 into 
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@rations in Cr. (ii) if f: A -B is a weak equivalence in C, and A and B are 
cofibrant, then F(f) is a weak equivalence in C,. (iii) Zf g: X-Y is a weak 
equivalence in C, and X and Y are fibrant, then G(g) is a weak equivalence in C,. 
(iv) Zf A is a cofibrant object of C, and X is a fibrant object of Cz, then a map f: 
A- GX is a weak equivalence iff the corresponding map fb: FA-X is a weak 
equivalence. 
Then the derived functors ([lo], p. 214) 
HOC LF , A+ HoCz 
RG 
are equivalences of categories. Moreover if C, and C, are pointed, then this 
equivalence preserves the loop and suspension functors and the families of fibration 
and cofibration sequences. 
53. HOMOTOPY THEORY OF SIMPLICIAL SETS 
Suppose that R* is a ring system, and that r L 2. Let S(r, R*) be the category of 
r-reduced simplicial pointed sets with the following distinguished classes of maps 
(i) cofibrations-injective maps. (ii) weak equivalences-maps f: X- Y which induce 
isomorphisms 7rTT,+k(X) @ Rk = nr+k( Y) @ Rk(k 2 0). (iii) fibrations-maps which have 
the RLP with respect to trivial cofibrations. 
THEOREM 3.1. With these definitions, S(r, R*) is a closed model category. 
Remark. The homotopy groups in (ii) above can be interpreted, for instance, as the 
usual homotopy groups of the geometric realizations of X and Y [7]. 
Most of the work in the proof of 3.1 will go into studying the fibrations in S(r, R*). 
Let S denote the category of simplicial sets with its ordinary closed model category 
structure ([8], II §3), so that cofibrations are injective maps, fibrations are Kan 
fibrations, and weak equivalences are maps that induce homotopy group isomor- 
phisms. 
LEMMA 3.2. The following conditions are equivalent for a map in S(r, R& (i) f is a 
fibratton in S(r, R*) and Ro @ m,(f) is surjective. (ii) f is a fibration in S and for each 
k 2 0 (a) r,+k (Ker f) is an &mOdUk, and (b) Coker n,+k+lf is Rk+,-torsion free. 
Here Ker f denotes the fiber of f. 
Proof. (see e.g. p. 238 of [lo]) (ii) --t (i) Surjectivity of R. @ 7rJf) follows from the 
fact that Ker f is r-reduced. To show that f is a fibration in S(r, R*), factor f as pq, where 
q is a trivial fibration and p :X - Y is a minimal fibration (in S). The map p in turn can 
be factored into its Moore-Postnikov system 
-& ” ,X,-I-...X,_r=Y X=limX, 
where pn is a minimal fibration (in S) with fiber K(A, n), A = 7r,, Ker f. Let +(A, n): 
L(A, n)+ K(A, n + 1) be the canonical “path” fibration over K(A, n + 1) with fiber 
K(A, n) ([lo], p. 238, [7], 023). Since p,, is induced from &A, n), it is enough to show that 
the dotted arrow exists in each diagram of the form 
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h ,’ /’ ir d(AN) 
I 
I- KM, n + 1) 
where h is a trivial cofibration in S(r, Z?*) and the lower right-hand map is a 
classifying map for pn. (Note that q has the RLP with respect to h because h is a 
cofibration in S). 
The space L(A, n) (resp. K(A, n + 1)) represents the normalized n-dimensional 
cochair, (resp. (n + I)-dimensional cocycle) functor with coefficients in A; a(A, n) 
corresponds to the natural coboundary map. Let n = r + k. Since A is an &-module, 
Serre mod C theory shows that h induces isomorphisms H’( V; A) = H’( U; A) for 
i I ni by an easy diagram argument this implies that the existence of the desired 
dotted arrow is equivalent to the vanishing of the cohomology class u E H”+‘( V; A) 
represented by the composite of the two lower maps. 
By the exactness of 
o------_,H”+‘( V, U; A)- H”+‘(V; A)- H"+'(U;A) 
the class v can be lifted uniquely to a relative class u.’ E H”+‘( V, U; A). Let 
C,,, = Coker (r,,+,h). A relative cohomology Serre spectral sequence argument shows 
that the relative Hurewicz map and the Kronecker pairing establish an isomorphism 
H”+‘( V, U; A) = Horn (C,,+,, A) 
so that ZI’ vanishes iff u evaluates to zero on the image of the Hurewicz map. By 
naturality, this last occurs iff the composite map 
Tn+l v- G+,- ~n+IX-I- m,,+,K(A, n + 1) = A 
is trivial. However, the image of the map v,+,X,_,-A is &+,-torsion free, since it 
is isomorphic to Coker ~~+,f, while Cn+r is &+,-torsion, since h is a weak equivalence 
in S(r, I?*). This completes the proof. 
The proof of (i) + (ii) needs the following lemma. 
LEMMA 3.3. If f is a map in S(r, R*) such that Ro @ rrf is sujective, then f = pi 
where i is a trivial cofibration in S(r, R*) and p satisfies (ii) of 3.2. 
Given 3.3, suppose that f is a fibration in S(r, R*) and that R. @ r,f is surjective. 
Factor f = pi as in 3.3 and consider the solid arrow diagram 
id 
x-x 
i 
I 
Z-Y 
P 
The dotted arrow exists by the definition of fibration. Thus f is a retract of p, which 
implies that f satisfies (ii). 
We will omit the proof of 3.3, since it is essentially’ the same as the proof of [lo], 
(Lemma 2.5, p. 239); the desired factorization is constructed directly by an inductive 
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Postnikov argument. The proof of the following lemma is identical to that of [lo], 
(Lemma 2.7, p. 240). 
LEMMA 3.4. If f is a map in S(r, R*), then f = jg where j is an injective fibration in 
S(r, R*) and Ro @ r,(g) is surjective. 
Proof of 3.1. CM 1,2,3 and 4 (ii) are clear. The factorization required by CM 5 (i) 
can be constructed exactly as in p. 237 of [ lo], by first constructing the factorization in 
S and then replacing the intermediate simplicial set by an Eilenberg subcomplex. 
Lemma 3.2 implies that the trivial fibrations in S(r, R*) are exactly the maps in 
S(r, R*) which are trivial fibrations in S; this gives CM4 (i). To prove CM5 (ii), let f 
be a map in S(r, R*) and write f = jg as in 3.4 and g = pi as in 3.3. The map p is a 
fibration by 3.2, so that f = (jp)i is the required factorization of f. 
§4. CHAIN COMPLEXES AND SIMPLICIAL R-MODULES 
The material in this section is present to establish a background for the proofs in 
95 and 96. 
Let R be a ring, in practice a subring of 0, and let RMOD(r)(r zz 0) denote the 
category of r-reduced DG left R-modules (i.e. r-reduced chain complexes over R) 
with the following distinguished classes of maps: (i) fibrations-maps which are 
surjective in dimension > r. (ii) weak equivalences-maps which induce homology 
group isomorphisms. (iii) cofibrations-maps which are monomorphisms with dimen- 
sionwise projective cokernals. 
THEOREM 4.1. ([Sl, II, 4,ll). With these definitions, RMOD(r) is a closed model 
category. 
If R* is a ring system, let RMOD(r, R*) denote the same category of r-reduced 
DG left R-modules with the following alternative distinguished classes of maps: 
(i) fibrations-maps f which are surjective in dimensions > r and have the property 
that, for each k ZF 0, Hr+k (Ker f) is an Rk-module and Coker H,+&) is Rk-torsion free. 
(ii) weak equivalences-maps f such that, for, each k z 0, H,+kcf) @ Rk is an isomor- 
phism. (iii) cofibrations-maps which are monomorphisms with dimensionwise pro- 
jective cokernals. - 
If R C Q, then RMOD(r, R*) is a closed model category, but we will not make use 
of this fact. 
If C is a category with colimits and a projective generator ([lo], p. 264) U, then a 
map X- Y of r-reduced simplicial objects .over C. is said to be free if it is the, 
colimit of maps XW Y”, where Y’-’ = X and Y” is obtained by “attaching n-cells”, 
that is, copies of U @ A[n] by means of maps U @ A[n]‘- Y”-’ ([lo], p. 255). 
Here U @ A[nl[D[nl = standard n-simplex) is the natural simplicial object over C which 
in each dimension k is the sum of a number of copies of U, one for each element of A[nh 
U81, II, 1.8). Note that if C is, say, the category of R-modules, Lie algebras, or Lazard 
algebras, U can be taken to be the usual free object on one generator in this category. 
By Dold-Puppe[5] the normalization functor N and its inverse N-’ establish an 
equivalence of categories between RMOD(r) and the category of r-reduced simplicial 
R-modules. By calculating N-’ in one key case and applying a colimit argument ([lo], 
p. 254) it is easy to prove 
LEMMA 4.2. If R is a principal ideal domain and f is a cofibration in RMOD(r), 
then N-’ (f) is a free map of r-reduced simplicial R-modules. 
A map f: A-B in RMOD(r) is said to be a strong deformation retraction if 
there is a map r: B-A such that rf = lA and a chain homotopy D between fr and 
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1~ which leaves A fixed (i.e. D(f(a)) = 0, a E A). I3 is contractible if the trivial map 
O+ B is a strong deformation retraction. Similarly, a map f: M- N of simplicial 
objects over some category C is a strong deformation retraction if there is a map r: 
N-M such that rf = lw and a simplicial homotopy H: N x A[l]+ N between 
lN and fr which is constant when composed with f. Here N x A[ I] is not simplicial 
object and H is not a map in any category ([81, II 1.7); the notation is shorthand for a 
collection of maps H(a): Nq - Nq, one for each q 2 0 and w E A[ I],, such that 
&f(u) = f(.sa) 0 E for any appropriate face or degeneracy operator E. To say that H is a 
homotopy between 1 and fr, for instance, means that for each q 2 0, H((s# < 0 > ) = 
lNq and H((s# < 1 >) = cfr),, where < 0 > and < 1 > are the two distinct vertices of 
A[l]. If C has an initial object, it is clear what it means for a simplicial object over C 
to be contractible. 
LEMMA 4.3. If f is a strong deformation retraction map in RMOD(r), then N-‘f is a 
strong deformation retraction map of simplicial R-modules. 
This follows from the fact [5] that N-’ transforms chain homotopies into simplicial 
homotopies. 
The following elementary but technical lemma will be our main source of strong 
deformation retraction maps. 
LEMMA 4.4. Let f: A-B be a weak equivalence in ZMOD(r, R*). Suppose that 
k 20, and let R = RP. Then in the category RMOD(r) of r-reduced DC R-modules the 
map f @R can be factored as a composite 
b 
A @ R&A’---+A” -L?,R 
where (i) a is a trivial fibration in RMOD(r). (ii) b is the inclusion of A’ into the direct 
sum of A’ with a contractible complex. (iii) c is the natural inclusion of A @R into a 
complex obtained by adding free R-module generators to A @R of dimension > r + k 
in such a way that the generators of dimension r + k + 1 have trivial boundary. 
Moreover, if f is a cofibration then f @ R is a retract of bc. 
Proof. By hypothesis f @R induces isomorphisms on homology in dimensions 5 
r + k. This makes it easy to build A’ by inductively adding q-dimensional generators 
(q > r + k) of the indicated type to A @R to force the homology of A’ to match the 
homology of B OR. It is then possible to construct A” as the direct sum of A’ with a 
contractible complex large enough to make a suitable map A”- B @R surjective 
in dimensions > r. 
The final assertion is proved by using the fact f @ R is a cofibration to lift in the 
diagram 
f@R 
I 
a 
B@R yB@R 
Later sections will have to refer to some particular cofibrations in ZMOD(r). The 
map p(n, s) below plays the role of a map of degree s between n-spheres, and v(n, s) 
is like the inclusion of a Z/sZ Moore space into its cone. 
DEFINITION 4.5. Let A(n, s) (resp. B(n, s)) be the free chain complex over Z 
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generated by an element r,, of dimension n with dr, = 0 (resp. by elements u,, z),, w,+~ 
of dimensions n, n, n + 1 with du, = dv, = 0, dw,+, = u, + sv,) and let ~(n, s): 
A(n, s)- B(n, S) be the map sending T, to u,. 
DEFINITION 4.6. Let C(n, s) (resp. D(n, s)) be the free chain complex over Z 
generated by elements a,, b,+r of dimensions n, n + 1 with d(b,+,) = sa, (resp. elements 
u,, v,,+~, w,+~, x,,+~ of dimensions n, n+l, n+l, n+2, with dv,+,=su,,dw,+l= 
u,, dx,+Z = SW,+I - v,,+J and let v(n, s): C(n, s)+D(n, S) be the map that sends a, to 
u, and b,+l to v,+~. 
45LAZARDALGEBRAS 
In this section K,(n ~1) will denote the smallest subring of 0 containing I/p for all 
primes p I n. 
A filtration of a Lie algebra M is a decreasing sequence of subalgebras 
M=F,M 2 FzM 2 F3M> *‘. 
such that [F,M, F,M] C F,,+,M. Thus each F,M is an ideal of M, and GrM = 
@ F,M/F,+,M has a natural Lie algebra structure. A Lazard algebra [6] is a Lie 
nal 
algebra M together with a filtration {F”M} such that (i) for each n z 1, F,M is a 
module over K, (ii) for each n 2 1, the nilpotent Lie algebra (Gr(M/F,+,M)) @ K,, is 
generated by (M/FzM) @ K, (iii) M = lim MIF,M. 
Let LZ denote the category of Lazard algebras and filtration preserving Lie 
algebra homomorphisms. 
Remark. Given (iii), (i) is equivalent to the following condition 
(i)’ for each n L 1, GrJM) is a module over K,,. 
The most important consequence of (ii) is that a map between Lazard algebras which 
is one-one and onto is an isomorphism. 
According to Lazard ([16], p. 179, condition (i)’ gives enough divisibility in a 
Lazard algebra so that the Campbell-Hausdorff formula can be used to construct an 
“exponentiation” functor 
Exp: LZ -GR 
where GR is the category of groups. There is also a forgetful functor 
where LA is the category of Lie algebras. 
LEMMA 5.1. The functors Exp and @ have laft adjoints, denoted respectively Log 
and U. 
Remark. The adjoint to @ is called U because it plays the same role here ‘as the 
functor t? does in[lO]. 
Proof. The construction of the functor Log is very similar to the construction that 
enters into the proof of ([6], p. 171, Theorem 3.10). A filtration on a group G 
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(N-sequence in the terminology of Lazard) is by definition a descending chain 
G = F,G 2 F2G 2 FjG 2 . . . of subgroups of G such that [F,G, F,,G] c F,,,+,G. 
Thus each F,G is a normal subgroup of G, and the extensions 
I- F,GIF,,+,G- GIFn+,- GIF,G- 1 
are central. If G is a filtered group, we will define a functorial sequence of groups 
C,(G) (n z 1) together with epimorphisms C,,+,(G)- C,,(G) and maps 
GIF,,+,G - C,G such that (i) the natural diagrams 
GlFn+,G - C,+,G 
i I 
GIFn+,G - C,,G 
commute, and (ii) if A,, = Ker(C,G -Cn_,G). then the natural map 
F,GIF,+,G -A, extends to an isomorphism (F,GIF,+,G) @ K,, = A,. (In parti- 
cular, A, is a K.-module). Let C(G) = lim C,(G). Then C(G) is in a natural way a 
complete filtered group, with enough divisibility that it has a functorially associated 
Lie algebra I. ([6], p. 176). If G is filtered by its lower central series filtration, so that 
F,G = G 
F,+,G = r,+,G = [G, FnG], n 2 1 
it is not hard to see that L is a Lazard algebra and that the natural map 
G - C(G) = Exp (L) is an adjunction homomorphism. 
The functors C, can be constructed inductively with the nilpotent completion 
machinery of [ I]. The functor Ci is necessarily given by CrG = GlF2G. If a suitable C, 
has already been constructed, let R be the ring &&+I: G be the fundamental group of 
the space E which is the homotopy pullback of the diagram 
I- Rm~CGlJ+zGl 
W(C,G)-----+ R,w(C,G). 
(Recall that I&r is the simplicial K(n, l).) Here the lower horizontal map is the usual 
completion map ([l], I), and the right-hand vertical map is induced by the composition 
GIF,,+2G+GlF,+I+C,,G. The statement about the kernel of the map C,,+,G-S,,G 
follows from the fact that completion preserves nilpotent fibrations ([l], V) and the 
straightforward inductive calculation that the map GlF,,+,G+C,G induces an 
isomorphism on mod R group homology and therefore a homotopy equivalence 
R,w(GIF,,+,G) - R,@(C,G). 
The functor U is built up along the same lines. If L is a filtered Lie algebra, define 
inductively a sequence C,,L(n 2 1) of Lie algebras together with epimorphisms 
C,,+IL+C,,L and maps LIF,,,L+C,,L as follows: GIL = LIF2L and, for n 11, C,,,,L 
is the pullback of the diagram 
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C,,+,L-(L/F,+&) 0 K+, 
GL- C,,L 0 K+I 
(the maps are the obvious ones). Let C(L) = lim C,L. If L is filtered by its lower 
central series filtration, so that 
F,L= L 
F,+,L = [L, F,Ll, n 2 1 
it is not hard to check that C(L) is a Lazard algebra and that the natural Lie algebra 
map L-+C(L) is an adjunction homomorphism. 
A Lazard algebra is said to be free if it is of the form U(M), where A4 is a free 
Lie algebra. Let Laz denote the functor from the category of abelian groups to LZ 
which is the composite of U and the left adjoint L to the forgetful functor from Lie 
algebras to abelian groups. It is clear that a Lazard algebra is free iff it is of the form 
Laz (F), where F is a free abelian group. 
We will list the following properties of Lazard algebras. The proofs are almost 
identical to the proofs of the corresponding facts about complete associative algebras 
([lOI, P. 269. 
LEMMA 5.2. If J is an admissible ideal in a Lazard algebra L which is closed for the 
topology induced by the filtration, then LIJ is a Lazard algebra with F,(L/J) = 
(F,L + J)/J. 
Remark. The ideal J is admissible if, for each n 2 1, J n F.L is a module over 
K,. The kernel of a map between Lazard algebras is always admissible. 
LEMMA 5.3. The following conditions are equivalent for a map f: L + L’ in LZ. * 
(i) Gr,f is surjective; (ii) f is surjective; (iii) f induces an isomorphism LIKer f = L’. 
LEMMA 5.4. The effective epimorphisms in LZ are the maps satisfying the con- 
ditions of 5.3. The projective objects in LZ are the free Lazard algebras. 
LEMMA 5.5. The category LZ is closed under limits and colimits and has Laz (Z) as 
a projective generator. 
06. HOMOTOPY THEORY OF SIMPLICIAL LAZARD ALGEBRAS 
Suppose that R * is a ring system, and that r 2 0. Assume that in any particular Rk 
only a finite number of primes are inverted. Let LZ(r, R,) denote the category of 
r-reduced simplicial Lazard algebras with the following distinguished classes of maps 
(i) Fibrations-maps f such that Nf is a fibration in ZMODtr, R*) (see 94). (ii) Weak 
equivalences-maps f such that Nf is a weak equivalence in ZMOD(r, R,). 
(iii) Cofibrations-maps which have the LLP with respect to trivial fibrations. 
THEOREM 6.1. With these definitions, LZ(r, R*) is a closed model category. Moreover, a 
map in this category is a cofibration iff it is a retract of a free (see §4) map. 
Remark. The forgetful functor @ has been suppressed in (i) and (ii) above. This 
will be done for most of the rest of the paper. Note that the homology groups of 
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N(M) are naturally isomorphic to the homotopy groups of the underlying simplicial 
set of M([7], p. 94) (except that in dimension 0 this is an isomorphism of pointed sets) 
so that (i) echoes 3.2. 
Proof. CM 1 follows from 08 while CM 2, 3 and 4(i) are clear. A map f in 
LZ(r, R,) is a trivial fibration iff Nf is surjective and f itself induces homotopy group 
isomorphisms (see above remark). From this it follows easily that a free map is a 
cofibration and that, by attaching cells, any map can be factored as a free map 
followed by a trivial fibration (see e.g.[8], II 4.6). This proves CM 5(i) and gives the 
stated characterization of cofibrations by a standard lifting argument ([8], II 4.11). 
To prove CM 4(ii), and CM 5(ii) we will need a way of constructing trivial 
cofibrations in LZ(r, R *). 
LEMMA 6.2. Suppose that 
Laz( N-IA) AX 
I I 
Laz (N-If) 
I I 
h 
Laz(N-iB)F Y 
is a pushout diagram in LZ(r, R,) where f is a trivial cojibrution in ZMOD(r, R,). 
Then h is a trivial cojibrution in LZ(r, R,). 
Remark. Laz is the left adjoint to the forgetful functor from Lazard algebras to 
abelian groups (95). 
Proof of Lemma. The fact that h is a free map and therefore a cofibration follows 
from 4.2 and the fact that Laz preserves pushouts, since it is left adjoint. 
To show that h is trivial, it is enough to show that for any k 2 0, h @ Rk induces 
homotopy group isomorphisms in dimensions s r + k. Lemma 4.4 implies that h @ Rk 
is a retract of a map h’: X @ Rk + Y” which is obtained as a composite of a map h,: 
X @ Rk + Y’ and a map h2: Y’+ Y”. Since Laz(N-‘( - @ Rk)) = Laz(N-‘(-)) @ Rk 
and these functors preserve pushouts, the map hl is constructed, following 4.2, by 
attaching “cells” of the form Laz (Rk) @ A[q], q > r + k, to X @ Rk in such a way that 
the cells of dimension r + k + 1 have trivial boundary; and hZ is the natural sum 
inclusion Y’+= Y’v Laz (N-‘C), where C is some contractible r-reduced chain com- 
plex. Since retracts of isomorphisms are isomorphisms, it is enough to show that h, 
and hZ induce homotopy group isomorphisms in dimensions 5 r + k. This is trivial for 
h,; for hZ it follows from the fact that any chain contraction of C gives by 4.3 a 
simplicial contraction of N-‘C, which is turn induces a simplicial contraction of 
L&N-'C) and thus a strong deformation retraction of Y” onto Y’. 
Proof of CM5(ii) Let f’: X’ * Y be a map in LZ(r, R.J. Call a trivial cofibration in 
LZ(r, RI) acceptable if it has the LLP with respect to all fibrations. We will actually 
factor f’ as a composite p’i’ where i’ is an acceptable trivial cofibration and p’ is a 
fibration. 
Let D(n) be the free chain complex over’Z generated by elements a,-1 and T. of 
dimensions n - 1, n with dr, = u,-~, du,-, = 0. By taking a sum of X’ with objects of 
the form Laz (N-‘D(n)), n > r, we can factor f’ as the composite of a sum inclusion 
i: X’+X and a map f: X-+ Y such that Nf is surjective in dimensions > r. It follows 
from 6.2 that i is a trivial cofibration, which is evidently acceptable. 
We will construct a factorization of f by inductively constructing a sequence of 
objects X”(n 2 r - 1) of LZ(r, R*) together with maps i,: X” -+X”+’ and f,,: X” + Y 
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such that (i) X’-’ = X, fr_i = f, and fn+iin = fn(n 2 r - 1). (ii) i,(n 2 r - 1) is an accept- 
able trivial cofibration. (iii) for j <k, n,+j(Ker cf,+k)) is an Ri-module; for j = k this 
group is &-divisible; and for j I k, Coker 7~,+~ f r+k is &-torsion free. (iv) i, induces 
isomorphisms Xi” = Xjn+’ for all j or n. (Here (-)i is the j-dimensional part of the 
indicated simplicial object). Let Z be the direct limit of the X”. It is clear that the 
natural map X-+Z is an acceptable trivial cofibration and that the natural map Z-+Y 
is a fibration; this gives the desired factorization of f and therefore also of f’. 
The inductive construction of X” is as follows. X’-’ and fr-, are given. Suppose 
that X”-’ have already been constructed, and let n = r + k. We will assume k > 0; the 
case k = 0 (i.e. n = r) is a little simpler. 
For each positive integer s such that s is invertible in Rk (resp. Rk-1) let p(s) (resp. 
Y(S)) be the map. Laz (N-‘~(n, s)) (resp. Laz (N-‘v(n - 1, s))) where ~(rz, s), v(n, s) 
are the maps of 4.5 and 4.6. It follows from 6.2 and an adjointness argument that the 
p(s) and V(S) are acceptable trivial cofibrations in LZ(r, R*). Let A(s), B(s), C(s) and 
D(s) denote the respective domains and ranges of p(s) and V(S). 
For each element x E r*_,(Kerf,_,) which- is s-torsion, where s is invertible in 
&_i, choose a map a,: C(s)+Kerf,_i which represents x (that is, choose a, to be the 
adjoint of some map C(n - 1, s)-+N Kerf,_, which represents x in the obvious 
sense). There are then commutative diagrams 
where the upper map is the composite of a, with the obvious inclusion and the lower 
map is zero. Let C be the sum V domain (a,), let D be the corresponding sum of 
D(s)‘s, and let W”-’ be the pushott of the obvious diagram 
c-X”-’ 
I I 
D- W”-’ 
By 6.2 the right-hand vertical map is an acceptable trivial cofibration. There is an 
evident map fZ_,: W’-‘+ Y. 
Since the maps V(S) are isomorphisms up to dimension n - 1, the map X”-‘-+ W”-’ 
is an isomorphism up to this dimension. It follows that the natural map 
n*-i Ker fn_i + rrnwl ‘Ker fk_, is onto, and it is clear in addition that the kernel of this map 
contains all the &,-torsion in the domain group. From the exact homotopy ladder 
fragment: 
lTn w-1 -7T,Y- rrnel Ker f&i - 7rn_, w”-’ - 7rn_,_1 Y 
and the fact that all four outer vertical arrows become isomorphisms when tensored 
with Rk-i (to see this apply 6.2 to the constant ring system given by &_J, it follows 
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that the middle vertical arrow also becomes an isomorphism when tensored with this 
ring. Thus ~T,_I Kerfk-I is isomorphic to the quotient of rrn_I Kerf,_, by its RL_, 
torsion subgroup; this quotient is an Rk-,-module, since T,,_~ Kerf,_, is Rk_,-divisible. 
Now for each element y E Coler (?r,&,) which is 
in Rk, choose maps ay and b, such that the diagram 
A(s)--p-‘-, W”-’ 
s-torsion, where s is invertible 
P(S) I i fb-1 b, 
B(s)- Y 
commutes and such that the homotopy class represented (in the obvious sense) by b, 
projects to y in Coker (r,&,). Furthermore, for each z E 7~, Ker fL_, and s invertible 
in Rk, choose a map a,S: A(s)+Kerfh_, which represents z. Note that there are 
commutative diagrams 
A(s)---+ W”-I 
where the upper horizontal map is the composite of the obvious inclusion with a,” and 
the lower horizontal map is zero. Let A be the sum. (V domain (a,)) u ( V domain (a,“)) 
Y Z,S 
and let B be the sum of the corresponding B(s)‘s. Let X” be the pushout of the 
obvious diagram 
A------, W”-’ 
I I 
B----+X” 
There is a natural map fn: X”+ Y as well as a composite map in_,: X”-‘+ W”-l-+X”. 
It is easy to see that in_, is an acceptable trivial cofibration. Consider the exact 
homotopy ladder 
-v,, Kerf~_,-7r,,W”-‘~~,,Y- 
I 
mnml Ker &I ----+ 7rn_l Wn-‘- 
I I I 
All of the vertical arrows from mn_, W”-‘+nn_,Xn on to the right are isomorphisms, 
since A and B vanish below dimension n. All of the vertical maps become isomor- 
phisms when tensored with Rk. Moreover, every element in r,, Ker fb-, becomes 
divisible in n, Ker fn by all s invertible in RF, and the projection Coker (n&J + 
Coker (r,J,,) sends to zero all of the Rk-torsion in its domain. It follows from an 
algebraic argument that X” has the necessary properties. 
Proof of CM 4(ii). Suppose that f: X + Y is a trivial cofibration in LZ(r, R*). 
. 
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Factor f = pi as in the proof of CM 5(ii), so that i is an acceptable trivial cofibration 
and p, by CM2, is a trivial fibration. Since f has the LLP with respect to p, f is a 
retract of i and is therefore acceptable. 
57. TAME HOMOTOPY THEORY OF DIFFERENTIAL GRADED LIE ALGEBRAS 
Suppose that R* is a tame ring system, and that r 2 2. Let DGL (r, R,) be the 
category of r-reduced differential graded Lie algebras with the following distinguished 
classes of maps: (i) fibrations-maps which are fibrations as maps in Z MOD (r, R*) 
(see 44). (ii) weak equivalences-maps which are weak equivalences as maps in 
ZMOD (r, R*) (iii) cofibrations-maps which have the LLP with respect to trivia1 
fibrations. 
THEOREM 7. I. With these definitions, DGL (r, R*) is a closed model category. 
Moreover, a map is this category is a cojibration iff it is a retract of a free map. 
Remark. The map f: L-+-M is free if as a graded Lie algebra M is isomorphic to 
the direct sum of L and a free Lie algebra in such a way that f is isomorphic to the 
inclusion. 
Proof. CMl, 2,3 and 4(i) are clear. The trivial fibrations in DGL (r, R,) are 
surjective maps which induce isomorphisms on homology. It follows easily that any 
free map is a cofibration and that, by the DG version of “attaching cells” ([lo], p. 256) 
any map can be factored as a free map followed by a trivia1 fibration. This proves 
CMS(i) and gives the stated characterization of cofibrations by a standard lifting 
argument. 
The proofs of CMS(ii) and CM4(ii) depend on the following analogue of 7.2. 
LEMMA 7.2. Suppose that 
L”(A)& X 
h 
is a pushout diagram in DGL (r, R,), where f is a trivial cojibration in ZMOD (r, R,). 
Then h is a trivial cofibration in DGL (r, R,). 
Remark. Here L” is the free DG Lie algebra functor, i.e. the left adjoint to the 
forgetful functor from DG Lie algebras to DG abelian groups. 
Proof of lemma The fact that, discounting differentials, B is isomorphic to the 
direct sum of A and a graded free abelian group implies that h is a free map and 
therefore a cofibration. For the rest, by imitating the proof of 6.2 it is enough to show 
that if Z is an r-reduced DG Lie algebra and C is a contractible r-reduced DG abelian 
group, then the natural sum inclusion Z+Zv L”(C) is a weak equivalence in 
DGL (r, R *). 
If E is a graded abelian group let End (E) be the graded Lie algebra of endomor- 
phisms of E, so that End (E)k = maps E+E of degree k with bracket End 
(E)k @ End (E)+End (E)k+l given by a @ bHab-( - l)k’ba. Similarly, if M is a 
graded Lie algebra let Der (M) be the graded Lie algebra of derivations of M, so that 
Der (M)k = maps h: M-+M of degree k such that h[x, YI= 
[h x, y] + ( - l)lk[x, hy] (I = degree x). 
An endomorphism of E extends uniquely to a derivation of Lg(E); this gives a 
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map End (E)+Der (Lg(E)i of graded Lie algebras. If M and N are two graded Lie 
algebras, there is a natural way of extending given derivations of M and N respec- 
tively to commuting derivations of the sum Mu M; this process gives a graded Lie 
algebra map Der (M) x Der (N) * Der ( MvN). 
Let 2 and C be as above and choose a chain contraction H’ of C. Then C is 
essentially a graded abelian group together with a distinguished “boundary operator” 
d’ E End (C)-r and an element I-I’ E End (C), such that the graded commuter 
[H’, d’] is the identity map of C. Similarly, 2 is essentially a graded Lie algebra with a 
distinguished d* E Der (2)-i. As above, d’ and H’ extend uniquely to derivations d” 
and H” of LB(C), the first of which is the ordinary differential. Similarly, the pairs 
(d,, d”) and (0, H’) extend naturally to derivations of .&LB(C) denoted respectively 
d (the ordinary differential) and H. 
If the identity map of C is extended to a derivation of Lg(C) and then, together with 
the zero derivation of 2, to a derivation D of 2 u LR(C), it follows that [I-I, d] = D. By 
computation, Dx = nx if x E Z u Lg(C) can be written as a simple commutator of k 
elements xl, x2, . . . , xk where each Xi is either in the image of Z+=Z 21 Lg(C) or in the 
image of CALg(C)+Zu Lg(C)) and the second possibility occurs exactly n times. 
The lemma follows from the fact that if n# 0, n is invertible in Rk whenever the 
dimension r + k is large enough to allow Dx = nx for x E (Z u Lg(C)),+k. 
The proofs of CM5 (ii) and CM4 (ii) can now be completed in essentially the same 
way as the proofs in §6 by using 7.2 in place of 6.2. We leave it to the reader to 
resolve the minor difficulty that comes up because 7.2 applies only to tame ring 
systems. 
The following lemma is needed to verify the first part of 2.2(i) for the second 
adjoint functor pair of the introduction. The proof is given in p. 221 of [lo]. 
LEMMA 7.3, If f is a free map of DC Lie algebras, then N*f is a free map of simplical 
Lie algebras, and thus UN*f is a free map of simplicial Lazard algebras. 
$8. APPLICATION OF THE CURTIS CONVERGENCE THEOREM 
The following two results led to the theory in this paper. Suppose that R* is a tame 
ring system. 
PROPOSITION 8.1. Suppose that r z 3 and that X is an r-reduced simplicial set. Then 
the natural adjunction map 
X- w Exp(Log(GX)) 
is a weak equivalence in S(r, R,) 
PROPOSITION 8.2. Suppose that r 2 2 and that X is an r-reduced free DG Lie algebra. 
Then the natural adjunction map 
X -+ N(UN*(X)) 
is a weak equivalence in DGL (r, R,) 
Proof of Theorem 1.1. The proof consists in verifying the hypotheses of 2.2 for the 
two adjoint functor pairs in diagram (*) of 1.3. In each case 2.2(u), (iii) and (iv) follow 
from the propositions above and the fact that if G is the appropriate right adjoint and 
g is a map in C2, then G(g) is a weak equivalence in C, iff g itself is a weak 
equivalence in C2. For the second adjoint functor pair, 2.2(i) follows from 7.3 and the 
fact that fibrations in LZ(r - 1, T,) and DGL(r - 1, TJ are identically defined. For 
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the first pair, the first part of 2.2(i) is a consequence of the fact that the loop group 
functor takes injective maps of simplicial sets to free maps of simplicial groups; the 
second part of 2.2(i) can then be derived from adjointness and 2.2(ii), since every 
object in S(r, T,) is cofibrant and in any closed model category the fibrations are 
exactly the maps with the RLP with respect to trivial cofibrations (2.1). 
Propositions 8.1 and 8.2 depend on a variant of the Curtis connectivity theorem [3]. 
For k 2 0, Let Lk denote the kth homogeneous part of the free Lie algebra functor L 
from the category of abelian groups to the category of Lie algebras. 
PROPOSITION 8.3. Suppose that r r2 and that A is an r-reduced simplicial free 
abelian group. Pick n 2 2 and let R be a subring of gP containing l/p for all p < n. 
Then, for all k < n 
ai(Lk(A))@R =O 
for i 5 kr - 1, while for k 2 n this vanishing occurs for i 5 r + 2n - 4. 
Proof of 8.3. The universal enveloping algebra of L(A) is Tens (A) = 0 Tensk (A), 
the tensor algebra on A. The composite of the natural map Lk(A)-+Tensk(A) with the 
map Tensk(A)+Lk(A) sending al @ @ ak to [a,, [a*, . . . , [a&l, ak] . . . II iS the abelian 
group map Lk(A)-Lk(A) given by multiplication by k ([lo], p. 282). Thus if k < n, so 
that l/k E R, the simplicial group Lk(A) @ R is a retract of Tensk(A) @ R, and the 
stated connectivity result follows from the Kiinneth formula. 
Since A is a simplicial free abelian group, the Poincare-Birkhoff-Witt theorem 
implies that Tens (A) can be filtered in such a way that the associated graded is the 
symmetric algebra Sym (L(A)) = @ SvmiL(A) ([2], p. 272). This filtration is com- 
iz0 
patible with the gradings of L(A) and Tens (A), so in particular Tens (A) can be filtered 
by a sequence of simplicial subgroups 
Lk(A) = F, C Fz c . . . c Fk = TenSk(A) 
such that for 2 I i 5 k, Pi/Fi_, = (SymiL(A))k is the kth homogeneous part of the i-fold 
symmetric power of L(A). 
Suppose k 2 n. By the Kiinneth theorem, Tens,(A) is at least (nr - 1) 2 
(r + 2n - 3)-connected, where the inequality follows from r 2 2. An inductive homo- 
topy long exact sequence argument will thus complete the proof if we can show that 
for each i such that 2 5 i 5 k the simplicial abelian group (SymiL(A) @ R)k is at least 
(r + 2n - 3)-connected. 
By Dold-Puppe ([5], p. 303), SymiL*(A) is at least (r +2i -3)-connected, so if 
i z n we are done. If i < n, the fact that i! is invertible in R implies that 
(SymiL(A))k @R is a retract of (Tensi(L(A))k OR. Let c(j) denote the connectivity 
of Li(A) OR. It follows from the Ktinneth theorem that it is enough to show that if 
1 . . . ) li are positive integers with sum k, then (i - 1) + c(lJ + . . . + c(li) 2 r + 2n - 3. If 
iny lj is 2 j, we are done by induction on k. If lj < nj all j, then as above c(lj) 2 r . lj - 
1, so the left hand side of the above inequality is greater than or equal to r + k - 1. 
However r.k-lrr*n-l=r+r(n-l)-lrr+2n-3 where the last inequality 
uses r 2 2. 
Proof of 8.1. The adjunction map X + WGX is always a weak equivalence in S([7], 
p. 124). Moreover, if f is a map of (r - l)-reduced simplicial groups, then TiWcf) can 
be naturally identified with Ti-J (i 2 1) so that w’cf) is a weak equivalence in S(r, R,) 
iff f is a weak equivalence in S(r - 1, R*). Consequently it is enough to show that if 
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Y( = GX) is an (r - 1)-reduced free simplicial group, then the adjunction map 
Y + Exp (Log(Y)) is a weak equivalence in S(r - 1, R*). 
The simplicial group Y is filtered by its lower central series subgroups FiY and the 
simplicial group Exp(Log (Y)) = EY is filtered by normal subgroups EiY that arise 
from the Lazard algebra filtration on Log Y (see $5, proof of 5.1). The map Y + EY is 
compatible with these filtrations and induces a map Gr(Y)+Gr(EY) on associated 
gradeds which on the ith graded part is essentially the natural map 
Here Ki G gP is the subring generated by the reciprocals ‘of all numbers I i; Y& is the 
abelianization of the free simplicial group Y. The isomorphism Gr( Y) = L(Yd,) is 
stated in (p. 161 of [3]). 
By the Curtis convergence theorem[4,9] the connectivity of TiY approaches 
infinity as i gets large. It follows from this and from the known exact sequence 
formula for the homotopy groups of the inverse limit of a tower of fibrations[lO(p. 
217), 1, (IX)] that for i large with respect to k there are isomorphisms 
T,+kEY = nTT,+k lim EY/EiY = rr+k(EYIEiY). 
Thus, since R* is a tame ring system, it suffices to show that for any given prime p 
and all sufficiently large i the natural map 
(**> 7T,+k(y/riy) 0 z(P) -+ n,+,dEY/EiY) 0 6~) 
is an isomorphism for k I 2p-4. Here Z(,, is the subring of 6J consisting of fractions 
with denominators prime to p. 
By 8.3 and an inductive homotopy long exact sequence argument, it is actually 
enough to show that (**) is an isomorphism for the indicated values of k in the single 
case i = p. However, for j 5 p - 1 the natural map Gri(Y) @ &,,+Gri(EY) @ Zc,, is 
an isomorphism, so another inductive homotopy long exact sequence argument shows 
that if i = p the map (**) is actually an isomorphism for all k 2 0. 
The proof of 8.2 is a straightforward combination of the idea in the proof on 8.1 
and the idea is Quillen’s proof of the analogous theorem in the rational case ([lo], p. 
223). We will leave the details to the reader. 
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